SEMIFREE CIRCLE ACTIONS, BOTT TOWERS, AND 
QUASITORIC MANIFOLDS 
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Abstract. A Bott tower is the total space of a tower of fibre bun- 
dles with base CP 1 and fibres CP . Every Bott tower of height n is a 
smooth projective toric variety whose moment polytope is combinatori- 
ally equivalent to an n-cube. A circle action is semifree if it is free on 
the complement to fixed points. We show that a (quasi)toric manifold 
(in the sense of Davis-Januszkiewicz) over an n-cube with a semifree 
circle action and isolated fixed points is a Bott tower. Then we show 
that every Bott tower obtained in this way is topologically trivial, that 
is, homeomorphic to a product of 2-spheres. This extends a recent re- 
sult of Ilinskii, who showed that a smooth compact toric variety with 
a semifree circle action and isolated fixed points is homeomorphic to a 
product of 2-spheres, and makes a further step towards our understand- 
ing of a problem motivated by Hattori's work on semifree circle actions. 
Finally, we show that if the cohomology ring of a quasitoric manifold 
(or Bott tower) is isomorphic to that of a product of 2-spheres, then the 
manifold is homeomorphic to the product. 



1. Introduction 

In their study of symmetric spaces Bott and Samelson [T] introduced a 
family of complex manifolds obtained as the total spaces of iterated bundles 
over CP 1 with fibre CP 1 . Grossberg and Karshon [8] showed these manifolds 
to carry an algebraic torus action, therefore constituting an important family 
of smooth projective toric varieties, and called them Bott towers. The study 
of Bott towers has been significantly developed by Civan and Ray in [5] by 
enumerating the invariant stably complex structures and calculating their 
complex and real K-theory rings, and cobordisms. 

An action of a group is called semifree if it is free in the complement 
to fixed points. A particularly interesting class of Hamiltonian semifree 
circle actions was studied by Hattori, who proved in [5] that a compact 
symplectic manifold M with a semifree Hamiltonian S 1 -action with non- 
empty isolated fixed point set has the same cohomology ring and the same 
Chern classes as S 2 x . . . x S 2 , thus imposing a severe topological restriction 
on the topological structure of the manifold. Hattori's results were further 
extended by Tolman and Weitsman, who showed in [13] that a semifree 
symplectic S 1 -action with non-empty isolated fixed point set is automatically 
Hamiltonian, and the equivariant cohomology ring and Chern classes of M 
also agree with those of S 2 x . . . x S 2 . In dimensions up to 6 it is known 
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that a symplectic manifold with an § -action satisfying the properties above 
is homeomorphic to a product of 2-spheres, but in higher dimensions the 
topological classification remains open. 

Ilinskii considered in [16] an algebraic version of the above question on 
semifree symplectic § -actions. Namely, he conjectured that a smooth com- 
pact complex algebraic variety X with a semifree action of the algebraic 
1-torus C* with positive number of isolated fixed points is homeomorphic 
to CP 1 x ... x CP 1 . The algebraic and symplectic versions of the conjec- 
ture are related via the common subclass of projective varieties; a smooth 
projective variety is a symplectic manifold. Ilinskii proved the toric version 
of his algebraic conjecture, namely, the case when X is a toric manifold (a 
non-singular compact toric variety) and the semifree 1-torus is a subgroup of 
the acting torus (of dimension dime X). The first step of Ilinskii's argument 
was to show that if X admits a semifree subcircle with isolated fixed points, 
then the corresponding fan is combinatorially equivalent to the fan over the 
faces of a crosspolytope. A result of Dobrinskaya [E] implies that such X is 
a Bott tower, and this was the starting point in our study of semifree circle 
actions on Bott towers and related classes of manifolds with torus action, 
such as the quasitoric manifolds. This class of manifolds was introduced by 
Davis and Januszkiewicz in [7] (they used the name "toric manifolds", which 
we prefer to save for "non-singular compact toric varieties" as above). A 
quasitoric manifold is a compact manifold M of dimension 2n with a locally 
standard action of an n-dimensional torus T n = S 1 x . . . x S 1 whose orbit 
space is a simple polytope P. Recently quasitoric manifolds have attracted 
substantial interest in the emerging field of "toric topology"; we review their 
construction in Section EJ for a more detailed account see [SJ Ch. 5]. 

A projective toric manifold with the moment polytope P is a quasitoric 
manifold over P, and a Bott tower is a toric manifold with the moment poly- 
tope combinatorially equivalent to a cube (or simply a toric manifold over a 
cube). We therefore have the following hierarchy of classes of manifolds M 
with an action of TP 1 : 

(1.1) Bott towers C Toric manifolds over cubes 

C Quasitoric manifolds over cubes. 

By the above mentioned result of Dobrinskaya [IS], the first inclusion above is 
in fact an identity (we explain this in Corollary l3.5p . We proceed in SectionsH] 
andEJby obtaining two results relating semifree circle actions on Bott towers, 
their topological structure, and cohomology rings. In Theorem 14.41 we show 
that if a Bott tower admits a semifree S 1 -action with isolated fixed points, 
then it is § 1 -equivariantly homeomorphic to a product of 2-spheres. We also 
show in Theorem 15. II that a Bott tower with the cohomology ring isomorphic 
to that of a product of spheres is homeomorphic to the product. Both results 
are then extended to a much more general class of quasitoric manifolds over 
cubes (Theorems 14.81 and 15.71 respectively), which also allows us to deduce 
Ilinskii's result on semifree 1-dimensional algebraic torus actions on toric 
varieties (Corollary 14. QH . 

Since a cohomology isomorphism implies a homeomorphism in the case 
of product of spheres, we may ask a question of whether the cohomology 
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ring detects the homeomorphism type of a Bott tower or quasitoric manifold 
in general. Some progress in this direction has been achieved in upcoming 
work [5j in the case of quasitoric manifolds over a product of simplices, which 
can be considered as an intermediate stage between quasitorics over a cube 
and the full generality. 

It would be interesting to obtain smooth analogues of our classification re- 
sults. In the case of Bott towers our homeomorphisms are actually diffeomor- 
phisms (see Theorem 14.41 or Theorem 15. ip , but some of our key arguments 
with quasitoric manifolds do not work in the smooth category. Although 
quasitoric manifolds are necessarily smooth [2 p. 421], the main problem 
here is that the original Davis and Januszkiewicz's classification result [3 
Prop. 1.8] establishes only an equivariant /lomeomorphism between a qua- 
sitoric manifold and the canonical model determined by the polytope and the 
characteristic function. As the consequence, we don't know if there are exotic 
equivariant smooth structures, even on 4-dimensional quasitoric manifolds. 
(A canonical equivariant smooth structure, coinciding with the standard one 
in the toric case, is described in [3j §4].) 

All the cohomology groups in the paper are taken with Z coefficients, 
unless otherwise specified. 

The authors are grateful to Natalia Dobrinskaya and Dong Youp Suh 
for informal discussions of quasitoric manifolds over cubes and producs of 
simplices, and apologise for the improper references to [15J in the first version 
of the text. We also thank Takahiko Yoshida, who pointed out the difficulty 
in the smooth category for quasitoric manifolds. The second author wishes 
to thank Nigel Ray for introducing him to the study of Bott towers and 
illuminating discussions of the subject. Second author's thanks also go to 
Dmitri Timashev for drawing his attention to work of Ilinskii |16| . which 
encouraged us to consider several related problems on semifree circle actions. 

2. Bott towers 

We briefly review the definitions here, following [8] and [6], where a reader 
may find a much more detailed account of the history and applications of 
Bott towers. 

Definition. A Bott tower of height re is a sequence of manifolds (B 2k : k ^ n) 
such that B 2 = CP 1 and B 2k = P(C &_i) for 1 < k ^ n where P(-) 
denotes complex projectivisation, £k-i 1S a complex line bundle over P 2 ^ -1 ) 
and C is a trivial line bundle. In particular, we have a bundle B 2k — > P 2 ^ -1 ) 
with fibre CP 1 . 

We shall also use the same name "Bott tower" for the last stage B 2n in 
the sequence; it follows from the definition that B 2n is a complex manifold 
obtained as the total space of an iterated bundle with fibre CP 1 . Bott towers 
of (real) dimension 4 are known as Hirzebruch surfaces. 

The standard results on the cohomology of projectivised bundles lead to 
the following description of the cohomology ring of a Bott tower (see e.g. [HI 
Cor. 2.9]). 

Lemma 2.1. The cohomology of B 2k is a free module over H*(B 2 ^ 1 ^) on 
generators 1 and u^, which have dimensions and 2 respectively; the ring 
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structure is determined by the single relation 

u\ = ci(£ k -x)u k , 

and the restriction of u k to the fibre CP 1 C B 2k is the first Chern class of 
the canonical line bundle over CP 1 . 

We set «i to be the canonical generator of H 2 {CP l ) (the first Chern class 
of the canonical line bundle). The Bott tower is therefore determined by the 
list of integers (a^- : 1 ^ % < j ^ n), where 

fc-i 

(2.1) u\ = '^2a ik u i u k , l^k^n. 

i=l 

The cohomology ring of B 2n is the quotient of Z[ui, . . . , u n ] by relations 

(ED- 

It is convenient to organise the integers into annxn upper triangular 
matrix, 



(2.2) A 



(-1 a\2 ••• ai n \ 
-1 • • • a 2 , 

V° ••• Ji 7 



Example 2.2. When n = 2, the Bott tower P is determined by a single 
line bundle £i over CP 1 . We have £i = 7 m for some m G Z where 7 is 
the canonical line bundle over P 2 = CP 1 , and so the cohomology ring is 
determined by the relations u\ = Q and it 2 , = mu\U2- It is well-known that 

P(C © 7 m ) ^ P(C © 7 m ') if and only if m = m! (mod 2), 

where = means "diffeomorphic". The proof goes as follows. We note that 
P(E) = P{E®rj) for any complex line bundle r\. Suppose m = m! (mod 2). 
Then m' — m = 2£ for some i S Z and we have diffeomorphisms 

P(C © 7 m ) ^ P((C © 7 m ) ® 7 £ ) = P(7^ © 7 m+ ^)- 

Here both 7^ © <y m+i and C © 7" 1 ' are over CP 1 and have equal first Chern 
class, so they are isomorphic. Hence the last space above is P(C©7 m ). On 
the other hand, it is not difficult to see that if PT*(P(C © 7™)) ^ P*(P(Cffi 
7 m )) as rings, then m = m' (mod 2). 

This example shows that the cohomology ring determines the topological 
type of a Bott tower B 2n for n = 2. A case-to-case analysis based on a 
classification result of [EJ §3] shows that this is also the case for n = 3. So 
we may ask the following question. 

Problem 2.3. Are Bott towers B 2n and B 2n homeomorphic if H*{B 2n ) = 
H*(Bl n ) as rings? 

We investigate this question further in Section [5j where a partial answer 
is given. 
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3. QUASITORIC MANIFOLDS 

Davis and Januszkiewicz introduced in [7] a class of 2n-dimensional man- 
ifolds M with an action of re-dimensional torus T. They required the action 
to be locally standard (locally isomorphic to the standard T-representation 
in C n ) and the quotient space M/T to be homeomorphic to a simple re- 
dimensional polytope P, so there is a projection ir: M — > P whose fibres 
are orbits of the action. Davis and Januszkiewicz describe their manifolds as 
toric; more recently, the term quasitoric has been adopted, to avoid confu- 
sion with the non-singular compact toric varieties of algebraic geometry. We 
follow this convention below, and refer to such M as quasitoric manifolds, 
saving the term "toric manifolds" to describe non-singular compact toric va- 
rieties. We note that a projective toric manifold is a quasitoric manifold; for 
more discussion of the relationship between the two classes see [2], Ch. 5]. 

Let m denote the number of facets (codimension-one faces) of P; we order 
the facets so that the first n of them meet at a vertex. We denote the facets by 
Fi for 1 ^ i ^ m, and denote T the set of all facets. The preimage 7r _1 (Fj) is 
a connected codimension-two submanifold of M, fixed pointwise by a circle 
subgroup of T. We denote it by Mi and refer to it as the characteristic 
submanifold corresponding to Fi, for 1 ^ i ^ m. An omniorientation [3] 
of M consists of a choice of orientation for M and for each characteristic 
submanifold. 

Let N denote the integer lattice of one-parameter circle subgroups in T, 
so we have N = 7L n . Given a characteristic submanifold Mj, we denote by Xj 
a primitive vector in N that spans the circle subgroup Tmj C T fixing Mj. 
The vector Xj is determined up to sign. The correspondence A : Fj t— ► Xj was 
called in [7] the characteristic function corresponding to M. 

The omniorientation allows us to interpret the characteristic function as 
a linear map A: TLf — ► N. This is done as follows. First, we notice that an 
action of a one-parameter circle subgroup of T determines an orientation for 
the normal bundle Vj of the embedding Mj C M. The omniorientation of M 
also provides an orientation for Vj by means of the following decomposition 
of the tangent bundle: 

t(M)\ Mj = r{Mj)®Uj. 

Now we choose the primitive vectors Xj so that the two orientations of Vj 
coincide for 1 ^ j ^ m. 

In general, there is no canonical choice of an omniorientation for M. How- 
ever, if M admits a T-equivariant almost complex structure, then a choice of 
such a structure provides a canonical way of orienting M and normal bun- 
dles Vj for 1 ^ j ^ m, thereby specifying an omniorientation associated with 
the equivariant almost complex structure. In what follows we shall always 
choose the associated omniorientation if M is equivariantly almost complex 
(in particular, if M is a toric manifold); otherwise we shall fix an arbitrary 
omniorientation. 

By definition, the characteristic function satisfies the non- singularity con- 
dition: Xj 1 , . . . , Xj n is a basis of N whenever the intersection Fj x H ... Pi Fj n 
is non-empty. So we may use the vectors X\, . . . ,X n to define a basis for N , 
thereby identifying it with Z n , and represent the map A by an n x m integral 
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matrix of the form 

' 1 ... Ai jn+ i . . . Xi j7] 

1 ... \2,n+l ■ ■ ■ ^2,n 

(3-1) A = . . . . 

\0 ... 1 A n , n+ i ... 

It is often convenient to partition A as (E \ where E is a unit matrix 
and A* is n x (m — n). For any other vertex Fj ± n . . .flFj„ the corresponding 
columns A^, . . . , Aj n form a basis for Z n , and have determinant ±1. We refer 
to (j3.ll) as the refined form of characteristic matrix A, and call A+ its reduced 
submatrix. 

Having chosen a basis for N, we may identify our torus T with the stan- 
dard product of unit circles in C n : 

(3.2) T n = {(e 2 ^ 1 ,... ,e 2 ™^) G C n }, 

where (</?i, . . . , y> n ) runs over R n . We shall also denote a generic point of T n 
by (ti, . . . , i n ). The circle subgroup fixing M} can now be written as 

(3.3) T Mj = {(t A «, . . . ,t A "0 = ( e 2 ™ Al ^, . . .,& M ^f) G T n }, 1 < j < m 
where pgl and t = e 27riip . 

Remark. Not every toric manifold X is a quasitoric manifold, as the quotient 
X/ T may fail to be a simple polytope (although it is a simple polytope 
when X is projective). Nevertheless, X has characteristic submanifolds Xj 
(T-invariant divisors), and there is a canonical omniorientation induced from 
the complex structures on X and Xj. Therefore, the characteristic matrix 
A and its reduced submatrix A+ are defined for every toric manifold X. The 
vectors Xj are the primitive vectors along the edges of the fan corresponding 
to A'. 

Let Vj denote the class in H 2 (M) dual to the fundamental class of Mj, 
1 ^ j ^ m. According to [TJ Th. 4.14], the ring H*(M) is generated by 
vi,...,v m , modulo two sets of relations. The first set is formed by the 
monomial relations which arise from the Stanley-Reisner ideal of P; the 
second set consists of linear relations determined by the characteristic matrix: 

(3.4) Vi = -\i, n +iv n +i - ... - Xi, m v m for 1 < i ^ n. 

It follows that v n+ \, ... ,v m suffice to generate H*(M) multiplicatively. 

Two quasitoric manifolds Mi and M2 are said to be weakly T-equivariantly 
homeomorphic (or simply weakly T -homeomorphic) if there is an automor- 
phism 6: T — > T and a homeomorphism /: M\ — > M2 such that f(t ■ x) = 
9{t) ■ f{x) for every t G T and x G Mi, If 9 is identity, then Mi and M 2 
are T -homeomorphic. Following Davis and Januszkiewicz, we say that two 
quasitoric manifolds Mi and M2 over the same P are equivalent if there is 
a weak T-homeomorphism / : Mi — > M2 covering the identity on P. By [7J 
Prop. 1.8], a quasitoric manifold M over P is determined up to equivalence 
by its characteristic function A. This follows from the "basic construction" 
providing a quasitoric manifold M(A), which depends only on P and A, 
together with a T-equivariant homeomorphism M(A) — > M covering the 
identity on P. 
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Let cf(P) denote the set of characteristic functions on the facets of P, that 
is, the set of maps A: T — > N satisfying the non-singularity condition. The 
group GL(N) = GL(n,Z) of automorphisms of the lattice N acts on the set 
cf(P) from the left (an automorphism g: N — > N acts by composition A i— > 
g • A). Since automorphisms of the lattice N correspond to automorphisms 
of the torus T, there is a one-to-one correspondence 

(3.5) GL(N)\ci(P) < — ► {equivalence classes of M over P}. 

One may assign an re x m-matrix A to an element A G cf(P) by ordering 
the facets and choosing a basis for TV, as we did above. A choice of matrix 
A in the refined form (|3.1|) can now be regarded as a choice of a specific 
representative of the left coset class in GL(N)\c£(P). If a characteristic 
matrix is given in an unrefined form A = (A \ B), where A is n x n and B 
is n x (m — n), then the refined representative in its coset class is given by 
(E | A~ l B). 

A quasitoric manifold over P can be obtained as the quotient of the 
moment-angle manifold Zp by a freely acting (m— n)-dimensional torus sub- 
group of T m determined by the kernel of the characteristic map A : Z m — > A, 
see [7], [21 Ch. 6]. The moment-angle manifold Zp embeds into C m as a com- 
plete intersection of m — n real quadratic hypersurfaces p2, §3]. It follows that 
both Zp and M are necessarily smooth, but we don't know if this equivariant 
smooth structure on M is unique (see the discussion in the Introduction). 

We are particularly interested in the case when the quotient polytope 
P = M/T n is the ra-cube I™. Then m = 2n and we shall additionally 
assume that the facets Fj and F n+ j are opposite (i.e., do not intersect) for 
1 ^ j ^ n. In the case P = I n the moment-angle manifold is the product of 
n three-dimensional spheres, embedded in C 2n as 

{(z u . . .,z 2n ) G C 2n : \ Zj \ 2 + \z n+j \ 2 = 1 for 1 < j < n}. 

The quotient (S 3 ) n /T 2n by the coordinatewise action is a cube I n . The re- 
dimensional subtorus T(A) C T 2n determined by the kernel of characteristic 
map (|3.ip is given by 

(3.6) (t u ...,t n )^ (t~ Xl > n+1 t; Xl - n+ * ■ ■ ■ t~ Xl > 2n ,. . . , 

Z-y %2 ' * * "T» ! El> • • • ) i-nj- 

It acts freely on (5 3 ) n , and the quotient (S s ) n / T(A) is the quasitoric man- 
ifold M determined by A. The n-dimensional torus T 2n /T(A) = T n acts 
on (S 3 ) n /T(A) ^ M with quotient F. In coordinates, G T n 

acts on the equivalence class [z\, . . . , Z2 n ] G (S 3 ) n /T(A) as multiplication by 
(ti, ...,t n ,l,...,l). 

Proposition 3.1. A Bott tower carries a natural torus action turning it 
into a quasitoric manifold over a cube with the reduced submatrix A+ = A f , 
see ((221) and AO) . 

Proof. As it is shown in P, Prop. 3.1], the Bott tower corresponding to (12. 2|) 
can be obtained as the quotient of (S 3 ) n by an n-dimensional subtorus of 
T 2n defined by the inclusion 

(tl, . . . , t n ) I— > (t\,t l ai2 t2, ■ ■ ■ , t l ain t 2 a2n ■ ■ ■ t n _i 1 '"t n , tl,t2, • • • , t n ). 
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It remains to note that this coincides with T(A) from (13. 6p for A* = A 1 . □ 

Remark. The Stanley-Reisner relations for the n-cube are ViVi +n = 0, 1 ^ 
i ^ n. These relations together with (|3.4p give (|2.1|) for A* = A 1 and 
Ui = v i+n , l^i^n. 

By definition, a Bott tower is a complex manifold. A non-compact version 
of (|3.6p was used in [H] to describe Bott towers as non-singular projective 
toric varieties. The two approaches are related in [HI §2]. 

Given a permutation a of n elements, denote by P{cr) the corresponding 
n x n permutation matrix, which has units in positions (a(i),i) for 1 ^ 
i ^ n, and zeros elsewhere. There is an action of the symmetric group 
on n x n matrices by conjugations A i— > P(a)^ 1 AP(a) or, equivalently, by 
permutations of the rows and columns of A. 

Proposition 3.2. A quasitoric manifold M over a cube with reduced sub- 
matrix A* is equivalent to a Bott tower if and only if A* can be conjugated 
by a permutation matrix to an upper triangular matrix. 

Proof. Assume that A+ can be conjugated by a permutation matrix to an 
upper triangular matrix. Consider the action of S n on the set of facets of I™ 
by permuting the pairs of opposite facets. A reordering of facets corresponds 
to reordering of columns in the n x 2n characteristic matrix A, so an element 
a G S n acts as 



This action does not preserve the refined form of A, as [E \ A+) becomes 
(P(cr) | A*P(a)). The refined representative in the left coset class (13. 5|) of 
the latter matrix is given by (E | P(cr)" 1 yl Vc P(cr)). (In other words, we have 
to compensate the permutation of pairs of facets by an automorphism of T n 
permuting the coordinate subcircles to keep the characteristic matrix in the 
refined form.) This implies that the permutation action on the pairs of op- 
posite facets induces the conjugation action on the reduced submatrices. So 
we may assume, up to equivalence, that M has an upper triangular reduced 
submatrix A*. The non-singularity condition guarantees that the diagonal 
entries of A* are ±1, and we can set all of them to —1 by changing the om- 
niorientation of M if necessary. Now, M and the Bott tower corresponding 
to the matrix A = A\ have the same characteristic matrices A by Propo- 
sition EH1 Therefore, they are equivalent by [7J Prop. 1.8]. The opposite 
statement follows from Proposition 13.11 □ 

It is now clear that not all quasitoric manifolds over a cube are Bott 
towers. For example, a 4-dimensional quasitoric manifold over a square with 



conjugated to an upper triangular matrix. (The corresponding manifold is 
homeomorphic to CP 2 #CP 2 , and therefore does not even admit a complex 
structure [7].) 

Given a /c-element subset {ii, • • • ,ik} of n elements, the corresponding 
principal minor of a square n-matrix A is the determinant of the subma- 
trix formed by elements in columns and rows For Bott towers, 





cannot be 
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Proposition 13.11 ensures that all principal minors of the matrix — A* equal 1; 
while for arbitrary quasitoric manifolds the non-singularity condition only 
guarantees that every principal minor of A* is ±1. 

Recall that an upper triangular matrix is unipotent if all its diagonal 
entries are unit. The following key technical lemma can be retrieved from 
the proof of a much more general result of Dobrinskaya [TS, Th. 6]. We give 
a slightly more expanded proof here for the sake of completeness. 

Lemma 3.3 ( [15J ) - Let R be a commutative integral domain with an identity 
element 1, and let A be an n x n matrix with entries in R. Suppose that 
every proper principal minor of A is 1. 7/det A = 1, then A is conjugate by 
a permutation matrix to a unipotent upper triangular matrix, and otherwise 
to a matrix of the form 

h ... \ 
1 b 2 ... 



... 1 6„_i 
... 1 J 

where bi ^ for every i. 

Proof. Every diagonal entry of A must be 1, We say that the i-th row is 
elementary if its i-th entry is 1 and others are 0. Assuming by induction 
that the theorem holds for matrices of size (n — 1), we deduce that A itself 
is conjugate to a unipotent upper triangular matrix if and only if it contains 
an elementary row. Denote by A{ the square matrix of size (n — 1) obtained 
by removing the i-th column and row from A. 

We may assume by induction that A n is a unipotent upper triangular 
matrix. Now we apply the induction assumption to A\, The permutation 
of rows and columns turning A\ into a unipotent upper triangular matrix 
turns A into an "almost" unipotent upper triangular matrix; the latter may 
have only one non-zero entry below the diagonal, and it must be in the 
first column. If this non-zero entry is not a n i, then the re-th row of A 
is elementary, and A is conjugate to a unipotent upper triangular matrix. 
Therefore, we may assume that 

* ... * \ 

* ... * 

1 6 n _i 
..0 1 J 

where b n -\ ^ and b ri ^ (otherwise A has an elementary row). Now let 
a\j 1 be the last non-zero non-diagonal entry in the first row of A. If A does 
not have an elementary row, the we may define inductively ajij i+1 as the last 
non-zero non-diagonal entry in the ji-th row of A. Clearly, we have 



(3.7) 



/ 1 







/I 






\b n 



1< ji < . . . < ji < < ... < j k = n 
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for some k < n. Now, if % = i + 1 for i = 1, . . . , n — 1, then A is matrix (13. 7|) 
with hi = i = 1, . . . , n — 1. Otherwise, the submatrix 

\ 


; ifc-i" 

1 / 

of A, formed by columns and rows 1, j\, . . . , j/. , is proper and has determinant 
1 ± b n Y\ a jiji+i 1- This contradiction finishes the proof. □ 

The following theorem is not new; the equivalence a) 44> b) is a particular 
case of [HJ Th. 6], while b) 44> c) was discussed (in a more general case of 
quasitoric manifolds over arbitrary polytopes) in [TT| and [2j Prop. 5.53]. We 
give a proof because it is needed in the next sections. 

Theorem 3.4. Let M be a quasitoric manifold over a cube, and A* the 
corresponding reduced submatrix. The following conditions are equivalent: 

a) M is equivalent to a Bott tower; 

b) all principal minors of —A* are 1; 

c) M has a T n -equivariant almost complex structure (with the associated 
omniorientation) . 

Proof. The implication b) a) follows from Lemma IB~3l and Proposition ^. 21 
The implication a) c) is obvious. Let us prove c) b). First, we recall 
from [HI §4], [15] and [T7] the definition of the sign a{p) for a fixed point of 
the T n -action on M . Every fixed point p can be obtained as the intersection 
Mj 1 n . . . fl Mj n of n characteristic submanifolds, and corresponds to the 
vertex of P obtained as the intersection Fj 1 n . . . n Fj n of the corresponding 
facets. The tangent space to M at p therefore decomposes into the sum of 
normal subspaces to Mj k for 1 ^ k ^ n: 

(3.8) r v {M) = v n \ v ®...®v u \ v . 

The omniorientation of M provides two different ways of orienting the above 
space; we set a(p) = 1 if these two orientations coincide and a(p) = — 1 
otherwise. This sign can be calculated in terms of P and characteristic 
matrix A as 

(3.9) a(p) = sign(det(A il , . . . , X jn ) ■ det(a il ,. . .,%»)) 

(see [T71 §1]), where denotes a normal vector to the facet Fi pointing 
inside the polytope. Now, if P = I n , then every fixed point p corresponds to 
a vertex given as 

F h n . . . n F ik n F n+h n . . . n F n+ln „ k 

for some 1 ^ i± < . . . < i& ^ n and 1 ^ l\ < . . . < l n -k ^ and we 
may choose en = ei (the ith. basis vector) for 1 ^ i ^ n and cij = —ej for 
n + 1 ^ j ^ 2n. Thus, the expression in the right hand side of (13. 9|) equals 
the principal minor of — A+ formed by the columns and rows with numbers 
h, . . . ,l n -k- It remains to notice that in the almost complex case the two 
orientations in (13. 8p coincide, so the sign of every fixed point is 1. □ 
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Recall that a crosspolytope is a regular polytope dual to the cube (in 
particular, a 3- dimensional crosspolytope is an octahedron). 

Corollary 3.5. Let X be a toric manifold whose associated fan is combi- 
natorially equivalent to the fan consisting of the cones over the faces of a 
crosspolytope. Then X is a Bott tower. 

Proof. The reduced matrix A* of X is n x n and all principal minors of — A* 
are unit by the same reason as in the proof of Theorem 13,41 By Lemma [3~3l 
— A* can be conjugated to a unipotent uppper triangular matrix, so A is 
of the same form as the characteristic matrix of a Bott tower. In the toric 
manifold case, the columns of A are the primitive vectors along the edges of 
the fan, so the combinatorial type of the fan and A completely determine the 
fan. It follows that the fan of X is the same as the fan of a Bott tower, which 
implies that X is a Bott tower by the one-to-one correspondence between 
fans and toric varieties. □ 

A toric manifold over a cube satisfies the assumption of Corollary 13.51 It 
follows that the class of Bott towers coincides with the class of toric manifolds 
over a cube, and the first inclusion in (jl.lj) is an identity. Like Lemma I3~3l 
Corollary 13.51 is a particular case of a more general result of Dobrinskaya [T51 
Cor. 7], which gives a criterion for a quasitoric manifold over a product of 
simplices to be decomposable into a tower of fibre bundles. 

4. SEMIFREE CIRCLE ACTIONS 

An action of a group on a topological space is called semifree if it is free 
on the complement to fixed points. We first show (Theorem 14.31 below) 
that if the torus T n acting on a quasitoric manifold M over a cube has a 
circle subgroup acting semifreely and with isolated fixed points, then M is 
a Bott tower. Then we prove that all these Bott towers are § 1 -equivariantly 
homeomorphic to a product of 2-dimensional spheres (with the diagonal S 1 - 
action). 

A complex n-dimensional representation of S 1 is determined by a set of 
weights kj € Z for 1 ^ j ^ n. In appropriate coordinates, an element 

s = e 2lTiip E S 1 acts as 

(4.1) a • (zi, . . . ,z n ) = (e 2 ™ k ^ Zl , e 2 ^z n ). 
The following statement is straightforward. 

Proposition 4.1. A representation of S 1 in C n is semifree if and only if 
kj = ±1 for 1 ^ j ^ n. 

A circle subgroup in T n is determined by an integer primitive vector v = 
(i/i, . . .,u n ): 

(4.2) Si = {{e 2mui ^, . . . , e 2niu "^)} C T l . 

We shall consider the tangential representations of T n and its circle sub- 
groups at fixed points of M. The representation of T n in the tangent space 
T P (M) at a fixed point p = Mj l PI ... P Mj n decomposes into the sum of 
non-trivial real two-dimensional representations in the normal subspaces Vj k 
of Mj k . The omniorientation endows each Uj k with a complex structure, 
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therefore identifying it with C and r p M with C n . In these coordinates, the 
weights of the representation of circle subgroup (14. 2|) in t p M can be identi- 
fied with the coefficients fcj = ki(u,p), 1 ^ i ^ n, of the decomposition of v 
in terms of , . . . , \j n : 

(4.3) v = ki(v,p)X jl + . . . + k n (v,p)\ jn 
(see, e.g. p3, Lemma 2.3]). 

Corollary 4.2. A subcircle Si C T n acte on a quasitoric manifold M 
semifreely and with isolated fixed points if and only if for every vertex p = 
Fj 1 n . . . fl Fj n the coefficients in (14. 3 1) satisfy ki(v,p) = ±1 for 1 ^ i ^ n. 

Theorem 4.3. Let M be a quasitoric manifold over a cube with reduced 
submatrix A* . Assume that M admits a semifree circle subgroup with isolated 
fixed points. Then M is equivalent to a Bott tower. 

Proof. We may assume by induction that every characteristic submanifold is 
a Bott tower, so the determinant of every proper principal minor of — A+ is 1. 
Therefore, we are in the situation of Lemma lBTB"! and — A+ is of one of the two 
types described there. The second type is ruled out because of the semifree 
assumption. Indeed, assume that A = (E \ B) where B is matrix (|3.7|) . and 
gl q jn ac £ g sem if ree iy w ith isolated fixed points. Applying the criterion 
from Corollary 14.21 to the vertex p = F\ fl . . . fl F n , we obtain v\ = ±1 for 
1 ^ i ^ n. Now apply the same criterion to the vertex p' = F n+ \ fl . . . D i^n- 
Since the submatrix formed by the corresponding columns of A is exactly B, 
we have det B = ±1. This implies that at least one of 6j equals ±1, i.e. at 
least one of the rows of B consists only of two dbl's and zeros. Therefore, if all 
the coefficients ki(v,p') in the expression v = k\(v, p')X n+ i + . . .+k n {v,p')\2 n 
are ±1, then at least one component V{ in the left hand side is even. A 
contradiction. □ 

Our next result shows that a Bott tower with a semifree circle subgroup 
and isolated fixed points is topologically (or even S 1 -equivariantly) trivial, 
i.e. homeomorphic to a product of 2-spheres. Let t (respectively, C) denote 
the standard (respectively, trivial) complex one-dimensional S 1 -representa- 
tion. A product bundle with fibre V will be denoted by V_. We say that an 
action of a group G on a Bott tower B 2n preserves the tower structure if for 
each stage B 2k = P(<C®£k-i), k ^ n, the line bundle ik-i is G-equivariant. 
The intrinsic T n -action obviously preserves the tower structure. 

Theorem 4.4. Assume that a Bott tower B 2n admits a semifree S 1 -action 
with isolated fixed points preserving the tower structure. Then B 2n is S 1 - 
equivariantly diffeomorphic to the product (P(C ® t)) n . 

Proof. We may assume by induction that the (n — l)-stage of the Bott 
tower is (P(C t))™" 1 and B 2n = P(C for some Saline bundle £ over 

(p(cet)) n_1 ' 

Let 7 be the unique § 1 -line bundle over P(C0i) = CP 1 whose underlying 
bundle is the canonical line bundle and 

(4.4) 7 | (1 . 0) =C and t](0:1) = *■ 

Denote by x G H 2 (P(C®t)) the first Chern class of 7, and let xi S 
H 2 (P(C © t) n ~ l ) be the pullback of x by the projection 7Tj onto the i-ih 
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factor. The first Chern class of £ may then be written as Y17=l with 
dj € Z. The S 1 -line bundles £ and (g)™^ 7r*(7 ai ) have the same underlying 
bundles; so there is an integer k such that 

n-1 

(4.5) £ = * fe (gK(7 ai ) 

i=l 

as SMine bundles, see [TO], Cor. 4.2]. 

We encode the fixed points of P(C ffii) n_1 as (p^ 1 , . . . ,p^-i) where ej = 
or 1 and denotes (1 : 0) if ej = and (0 : 1) if e, = 1. It follows from (l4~4"l) 
and ([4311 that 

The S 1 -action on B 2n = -P(C©£) is semifree if and only if &ia>i\ = 1 

for all possible values of q's. Setting = for all i we get \k\ = 1. Assume 
k = 1 (the case A; = — 1 is treated similarly). Then (a%, . . . , a n -l) = (0, • • • , 0) 
or (0, ... , 0, -2, 0, . . . , 0). In the former case, £ = t and B 2n = P(C © £) = 
P(C © t) n . In the latter case we have £ = tir*^' 2 ) for some i, so that 
B 2n = £•) ig the puiiback f p(£ © t 7 ~ 2 ) by the projection 7rj. Since 

for any § 1 -vector bundle and S 1 -line bundle the projectivisations -P(i?) 
and P(E®rj) are S^diffeomorphic, we have P(C©t7~ 2 ) = P(7©t7 _1 ). The 
first Chern class of 7 © t7 _1 is zero, so its underlying bundle is trivial. The 
S 1 -representation in the fibre of 7 © i7 -1 over a fixed point is C © t by (|4.4|) . 
Therefore, 7 © i7~ 1 = C © t as S 1 -bundles. It follows that P(C © t^ 2 ) = 
P(C © t), which finishes the proof. □ 

Remark. The diffeomorphism of Theorem 14.41 is not a diffeomorphism of 
T n -manifolds. 

Our next aim is to generalise Theorem 14.41 to quasitoric manifolds. Al- 
though the result does not hold for all quasitoric manifolds (see the next 
Example), it remains true if we additionally require the quotient polytope 
to be a cube. 

Example 4.5. Let M be the 4-dimensional quasitoric manifold over a 2k- 
gon with characteristic matrix of the form (l J J ° - I ?V Corol- 



1 1 ... 1, 
lary 14.21 shows that the circle subgroup determined by the vector v = (1, 1) 
acts semifreely on M, but the quotient of M is not a 2-cube if k > 2, so M 
can not be homeomorphic to the product of spheres (it may be shown that 
M is the connected sum of k — 1 copies of S 2 x S 2 ). 

Surprisingly, quasitoric manifolds over polygons provide the only essential 
source of counterexamples, see Theorem 14.81 below for the precise statement. 

Lemma 4.6. A simple polytope P of dimension n ^ 2 all of whose 2-faces 
are J^-gons is combinatorially equivalent to a cube. 

Proof. We may assume by induction that all facets of P are cubes, and prove 
that P is a cube. The statement can be found in [T4j Exercise 0.1], but we 
include the proof for the sake of completeness. We shall prove the dual 
statement about simplicial polytopes. The simplicial polytope dual to P is 
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a crosspolytope; we call its boundary K (which is a sphere triangulation) a 
cross-complex. Recall that the star of a vertex v in a simplicial complex K 
is the subcomplex st v consisting of all simplices that together with v span a 
simplex, and link of v is the subcomplex lk v C st v consisting of simplices not 
containing v. The duality between P and K extends to the duality between 
the facets of P (which are (n — l)-dimensional simple polytopes) and the 
links of vertices of K (which are triangulations of (n — 2)-spheres). The dual 
statement follows from the next lemma (which is slightly more general, as 
we do not assume K to be the boundary of a simplicial polytope there). □ 

Lemma 4.7. Let K be a connected simplicial complex of dimension k ^ 2. 
// the link of each vertex of K is a crosscomplex of dimension k — 1, then K 
is a crosscomplex. 

Proof. Let v be a vertex of K. By the assumption, Ikv is a crosscomplex of 
dimension k — 1, so every vertex p € Ykv has a unique vertex q € lkf which 
is not joined to p by an edge in Ykv . Still, p and q may be joined by an edge 
in K , so we consider the two cases. 

Case 1. Suppose that there is a pair of vertices p, q in Ykv that are not 
joined by an edge in K. Let 7Z be the set of other vertices of Ykv. The 
cardinality of 7Z is 2{k — 1). The link Ikp is a crosspolytope, so it has 2k 
vertices, and contains v and all elements in 1Z. Since q is not joined to p by 
an edge in K, q is not in Ykp; so there is another vertex p' 6 Ykp, p' ^ vUTZ. 
Similarly, we have q' € 1kg, q' ^ v U 1Z. Now take any r G 1Z and consider 
lkr. Since Ykv is a (k — l)-dimensional crosscomplex, r is joined to 2(k — 1) 
vertices of Ykv by edges in Ykv. We also know that r is joined to v, p' and q' . 
But since lkr is also a (k — l)-dimensional crosscomplex, r may be joined to 
only 2k vertices. Therefore p' = q', which implies that K is a crosscomplex. 

Case 2. Suppose that every pair of vertices in Ykv is joined by an edge 
in K. This will lead us to a contradiction. Each vertex u in Ykv is joined to 
v and all vertices in Ykv except u itself. These are all vertices joined to u by 
edges, because the number of vertices in Yku is 2k. This means that any pair 
of vertices in K is joined by an edge, and that K has exactly 2k + 1 vertices. 
The number of fc-simplices meeting at each vertex is 2 k , and a A;-simplex has 
k + 1 vertices. So the total number of fc-simplices in K is 2 k {2k + l)/(/c + 1) . 

Now we calculate the total number of ^-simplices in K in a different way. 
Let a be a fc-simplex of K not containing v. Then a contains a pair of 
vertices, say p and q, that are not joined by an edge in lkf (otherwise a 
itself must be in Ykv, since Ykv is a crosscomplex). Let L be the link of p 
in Ykv. Then L is a crosscomplex of dimension k — 2, and it also coincides 
with the link of q in Ykv. We have that Ykp is the join L * {v,q}, because 
both subcomplexes have the same vertex sets and both are crosscomplexes, 
and similarly 1kg = L * {v,p}. Since a contains p and q, it follows that 
a = t * p * q for some {k — 2)-simplex r G L. Therefore, a has at least 
two faces of dimension (k — 1) in Ykv, namely r * p and r * q. Neither of 
these can be a face of another /c-simplex not containing v, because every 
(k — l)-simplex of K is a face of exactly two fc-simplices by the assumption, 
and r *p is also a face of r *p * v and r * q is also a face of r * q * v. It follows 
that the number of fc-simplices not containing v is no more than half of the 
number of (k — l)-simplices in Ykv. The number of k simplices containing 
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v equals the number of (k — l)-simplices in Ikv. The latter number is 2 fc , 
so the total number of /c-simplices in K is ^ 2 fc_1 + 2 fc , which is less than 
2 k (2k + l)/{k + 1) if k ^ 2. This contradiction finishes the proof. □ 

Remark. Another proof of Lemma 14.61 may be given by establishing a non- 
degenerate simplicial map from K to a crosscomplex. Such a map is a 
topological (non-ramified) covering of a sphere by a sphere, so it must be an 
isomorphism for n ^ 3. This approach was used in |16j . 

Theorem 4.8. Assume that a quasitoric manifold M admits a semifreely 
acting subcircle with isolated fixed points, and every 2-face of the quotient 
polytope P is a J^-gon. Then M is S 1 -equivariantly homeomorphic to a prod- 
uct of 2-dimensional spheres. 

Proof. By Lemma 14.61 the orbit polytope is a cube. By Theorem 14.31 M is 
equivalent to a Bott tower. Finally, by Theorem 14.41 it is S 1 -homeomorphic 
to a product of spheres. □ 

We are also able to deduce the main result of Ilinskii [16J: 

Corollary 4.9. A toric manifold X with a circle subgroup acting semifreely 
and with isolated fixed points is diffeomorphic to a product of 2-spheres. 

Proof. By Theorem 14.41 it suffices to show that X is a Bott tower. To do 
this we apply Corollary 13.51 that is, we show that the fan corresponding 
to X is combinatorially equivalent to the fan over a crosspolytope. The 
semifree circle subgroup acting on X also acts semifreely and with isolated 
fixed points on every characteristic submanifold Xj of X. Using induction 
by dimension and Lemma 14.71 we reduce the statement to the complex 2- 
dimensional case, that is, we need to show that the quotient polytope of a 
complex 2-dimensional toric manifold with a semifree circle subgroup action 
and isolated fixed points is a 4-gon. (Note that a complex 2-dimensional toric 
manifold is always projective, so that we can work with polytopes instead 
of fans.) The following case-by-case analysis is just a reformulation of the 
argument from [T6J, §3]; we give it here for the sake of completeness. 

Let T, be the fan corresponding to our complex 2-dimensional toric mani- 
fold. The one dimensional cones of £ correspond to the facets (or edges) of 
the quotient polygon P 2 . We need to show that there are exactly 4 of them. 
The values of the characteristic function on the facets of P 2 are given by the 
primitive vectors generating the corresponding one-dimensional cones of E. 
Let v be the vector generating the semifree circle subgroup. We may choose 
the initial vertex p of P 2 so that v belongs to the 2-dimensional cone of £ 
corresponding to p. Then we index the primitive vectors A,, 1 ^ i ^ m, 
so that v is in the cone generated by Ai and A2, and any two consecutive 
vectors span a two-dimensional cone (see Fig. [TJ). This provides us with a 
refined 2 x m characteristic matrix A. We have Ai = (1,0) and A2 = (0, 1), 
and applying the criterion from Corollary 14.21 to the first cone (Ai,A2) (i.e., 
to the initial vertex of the polygon), we obtain v = (1, 1). 

Now consider the second cone. The non-singularity condition gives us 
det(A2, A3) = 1, whence A3 = (—1, *). Writing v = k\\2 + &2A3 an d applying 
Corollary 14.21 to the second cone (A2,A3), we obtain 

(1,1) = ±(0,1) ±(-1,*). 
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Figure 1. 



Therefore, A3 = (—1,0) or A3 = ( — 1,-2). Similarly, considering the last 
cone (A m , Ai), we get A m = (*, —1), and then, applying Corollary 14.21 A m = 
(0,-1) or A m = (-2,-1). The case A 3 = (-1,-2) and A m = (-2,-1) is 
impossible as then the second and the last cones overlap. 

Assume A3 = (—1,0). Then a similar analysis applied to the third cone 
(A3,A4) shows that A4 = (0,-1) or A4 = (—2,-1). Therefore, A4 = A m 
(otherwise cones overlap). 

Similarly, if A m = (0,-1), we get A m _i = (—1,0) or A m _i = (-1,-2). 
Therefore, \ m -i = A3. 

In any case, we have m = 4 and P 2 is a 4-gon. This completes the 
proof. □ 

Note that the proof above leaves three possibilities for the vectors A3 and 
A4 of the corresponding 2-dimensional fan: (—1,0) and (0,-1), or (—1,0) 
and (—2, —1), or (—1, —2) and (0, —1), and the last two pairs are equivalent 
by an orientation reversing automorphism of T 2 . The corresponding reduced 

submatrices are f ^ and f ^ The first one corresponds to 

CP 1 x CP 1 , and the second to a non-trivial Bott tower (Hirzebruch surface) 
with a\2 = —2. We finish this section by determining the class of matri- 
ces (|2.2p corresponding to our specific class of Bott towers explicitly, for 
arbitrary dimension. 

Theorem 4.10. A Bott tower B 2n admits a semifree circle subgroup with 
isolated fixed points if and only if its matrix (12.21) satisfies the identity 

±(E-A) = C 1 C 2 ---C n 

where Ck is either a unit matrix or a unipotent upper triangular matrix with 
only one non-zero element Ci k k = I in the k-th column off the diagonal, for 
l^k^n. 

Proof. First assume that B 2n admits a semifree circle subgroup with isolated 
fixed points. We have two sets of multiplicative generators for H*(B 2n ): the 
set {ui, . . . ,u n } from Lemma I2TT1 satisfying (|2.ip . and the set {x±, . . . ,x n }, 
satisfying xf = 0, 1 ^ i ^ n. The reduced sets with i ^ k can be considered 
as the corresponding sets of generators for the k-th stage B 2k . As it is clear 
from the proof of Theorem l4.4l we have ci(^-i) = — 2cj fc fcXj fc for some if, < k, 
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where c ikk = 1 or 0. From v? k + 2c ikk x ik u k = we get x k = u k + c ikk x ik . In 
other words, the transition matrix C k from the basis x\, . . . , x k ^i,u k , . . . , u n 
of H 2 (B 2n ) to x\, . . . , x k ,u k+ i, . . . ,u n may have only one non-zero entry 
off the diagonal, which is Ci kk . The transition matrix from ui,...,u n to 
xi,...,x n is therefore the product D = C1C2 • • • C n (note that C\ is the 
unit matrix as x\ = u\). Then D = (dj k ) is a unipotent upper triangular 
matrix consisting of zeros and units, we have x k = Yll=i djkUj, and 

= x 2 k = (u k + YljZi d jkUj) 2 = u\ + 2 Y^jZi dj k UjU k + k = l,...,n. 

On the other hand, = u 2 — YljZx a jk u j u k by (|2.1|) . Comparing the coef- 
ficients of UjU k for 1 ^ j ^ k — 1 in the last two equations and noting that 
these elements form a basis of the quotient space H i (B 2k )/H i (B 2 ( k ~ 1 ^), we 
obtain 2dj k = —aj k for 1 ^ j < k ^ n. As both D and —A are unipotent 
upper triangular matrices, this implies 2D = E — A, as needed. 

On the other hand, if A satisfies E — A = 2C\Ci ■ ■ ■ C n , then for the 
corresponding Bott tower we have = n* ( r y~ 2Ct k k ). Therefore we may 
choose a circle subgroup in such a way that £k-i becomes tTr* k ( r y~ 2Ci k k ) as 
an S 1 -bundle, for 1 < k ^ n. This circle subgroup acts semifreely and with 
isolated fixed points by the same argument as in the proof of Theorem 14.41 

□ 

Example 4.11. It follows from Theorem 14.101 that if a Bott tower admits 
a semifree circle subgroup with isolated fixed points, then matrix (12. 2|) may 
have only or —2 entries above the diagonal. However, the condition of 
Theorem 14.101 is stronger. For n = 3, the matrix 





M 





-2 







-1 






V 








does not occur for our class of Bott towers (since (E — A)/2 cannot be 
decomposed as C1C2C3), while any other matrix with or —2 above the 
diagonal occurs. For example, if 

/-l -2 -2\ 

,4= -1 , 

\0 0-1/ 

then we have 

, A 1 i\ A o\ /1 1 o\ /1 i\ 

-(E-A)=io 1 = 1 1 1 . 
2 \0 1/ \0 1/ \0 1/ \0 1/ 

It is clear that not every Bott tower homeomorphic to a product of spheres 
admits a semifree subcircle action with isolated fixed points (the latter con- 
dition is stronger even for n = 2). We shall consider the class of Bott towers 
that are homeomorphic to a product of spheres in the next section. 
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5. Topological classification and cohomology 

The following statement shows that Bott towers diffeomorphic to products 
of spheres can be detected by their cohomology rings, thereby providing a 
partial answer to Problem 12.31 

Theorem 5.1. A Bott tower B 2n is diffeomorphic to (CP 1 )" ifH*(B 2n ) ^ 
^((CP 1 )") as rings. 

Proof. From Lemma [2.11 we get 

H*(B 2n ) = H*{B 2n - 2 )[u n }/(n 2 n - c x {U-i)u n ). 

We may therefore write any element of H 2 (B 2n ) as x + bu n where x € 
H 2 (B 2n ~ 2 ) and b G Z. Since 

(x + bu n ) 2 = x 2 + 2bxu n + b 2 u 2 n = x 2 + b(2x + 6ci(^ n _i))« n , 

the square of x + bu n with b ^ is zero if and only if x 2 = and 2x + 
bci(£ n -i) = 0. This shows that the elements x + bu n with 6^0 whose 
squares are zero span a rank-one subgroup in H 2 (B 2n ). 

By assumption, there is a basis {x\, . . . , x n } of H 2 (B 2n ) such that xf = 
for all i By the observation above, we may assume that x\, . . . ,x n -i are 
in H 2 (B 2n ~ 2 ). Because {x\, . . . ,x n } is a basis, x n is not in H 2 (B 2n ~ 2 ) and 
we may assume x n = Y^=i + u n with some b{ € Z. A product of the 
form nig/ x «i where I is a subset of {l,...,n}, belongs to H*(B 2n ~ 2 ) if 
and only \i n I . This shows that H* (B 2n ~~ 2 ) is generated by aci, . . . , a? n -i 
and has the same cohomology ring as (CP 1 )"" 1 . Therefore, we may assume 

B 2n-2 ^ ( C pl)n-1 by induction. 

Writing ci(£ n _i) = X^i 1 a * x *' we see tnat 
= x 2 n = (u n + X^i 1 ^^) 2 = Si^l^ + 2 bi)xi,u n + (^XTi 1 Mi) 2 - 
This may hold only if at most one a,{ is non-zero because X{Xj (i < j) and XiU n 
form an additive basis of P~ 4 (P 2n ). Therefore, £ n _i is the pullback of j~ 2bi 
over CP 1 by a projection B 2n ~ 2 = (CP 1 )" -1 -> CP 1 . Since P(C0 7~ 26i ) is 
a product bundle (see Example E2D , so is P 2n = P(C f n -l)- □ 

We can now also effectively describe the class of matrices (|2.2p correspond- 
ing to Bott towers which are diffeomorphic to a product of 2-spheres. 

Theorem 5.2. A Bott tower B 2n is diffeomorphic to (CP 1 )™ if and only if 
the corresponding matrix (12. 2|) satisfies the identity 

±(E-A) = C l C 2 ---C n 

where each Ck is a unipotent upper triangular matrix which may have only 
one non-zero element in the k-th column off the diagonal, for 1 ^ k ^ n. 

Proof. We use the same argument as in the proof of Theorem 14.101 The 
only difference is that in ci(^k-i) = —2ci k kXi k may now be an arbitrary 
integer. □ 

In the rest of this section we generalise the result of Theorem 15.11 to ar- 
bitrary quasitoric manifold, but only in the topological category (see Theo- 
rem [52]). 
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We start by analysing the algebraic structure of the cohomology of qua- 
sitoric manifolds over a cube. Although it is possible to make this analysis 
over Z, it is more convenient for our purposes to reduce the coefficients mod- 
ulo 2. Let S be a graded algebra over Z/2 generated by degree one elements 
xi, . . . , x n . We refer to 5 as a Bott quadratic algebra (simply BQ-algebra) of 
rank n if it satisfies the following two two properties: 

(PI) x\ = J2i<k a ik x i x k with Ojfc G Z/2 for 1 ^ k ^ n. (In particular, 
xl = 0.) 

(pz) nr=i^o. 

If B 2n is a Bott tower, then (1211) implies that H*(B 2n ;Z/2) is a BQ- 
algebra with the degree doubled, which explains our terminology. Our ar- 
guments below work for a wider class of algebras with (PI) replaced by the 
weaker property: 
(PI') xl = Y.i<j^k aijkXiXj with a^fe G Z/2 for 1 < k < n. 

Because of (PI) we can express any element of S as a linear combination of 
square-free monomials. We denote such a monomial x% x . . . Xi s by xi, where 
I = {h, . . .,i s }. 

Lemma 5.3. The elements x\ for all subsets I G {l,...,n} form an ad- 
ditive basis of S. In particular, dimS q = (™) where S q denotes the graded 
component of degree q. 

Proof. (PI) implies that the set {xi} additively generates S. We order mono- 
mials xj using the inverse lexicographical order on subsets of {l,...,n}. 
Namely, if I = {ii, . . . , i s } with %i < . . . < i s and similarly J = {ji, . . . ,j s }, 
then we set xj < xj if < jk and i q = j q for k + 1 ^ q ^ s. 

Suppose that there is a non-trivial linear relation for xi, and let xj be the 
maximal monomial appearing in this relation. Then we may use the relation 
to replace the subfactor xj in JlILi x *' an( ^ then use (PI) repeatedly when- 
ever x\ appears, until we end up at zero. This contradicts (P2). Therefore, 
there are no non-trivial linear relations among x/'s. □ 

Lemma 5.4. Suppose we have a surjective graded homomorphism f from S 
to a graded algebra S' over Z/2 satisfying S' n _ 1 ^ 0. Then the dimension of 
the kernel of f: Si — > S[ is at most one. Moreover, if the dimension of the 
kernel is exactly one, then S' is a BQ-algebra of rank n — 1. 

Proof. We denote f{xi) by Xj. Then (PI) holds for x\, . . . ,x n . Suppose the 
dimension of the kernel is at least two. Then there exist p > q ^ 1 such that 

(5.1) Xp — ^ ^ bjXj , Xq — ^^^CjXj 

i<p j<q 

where bi,Cj £ Z/2. By Lemma 1531 S n -i is generated by the elements xi 
with \I\ = n— 1. We shall show that xj = for any such /, which contradicts 
the assumption S' n _ 1 ^ 0. 

First assume q ^ 2. Since |J| = n — 1, I contains p or q. We replace x p 
and x q in xi by (|5.1|) and use (PI) repeatedly whenever x\ appears. We end 
up at zero. 

If q = 1, i.e., xi = 0, then it suffices to see that xi = for I = {2, 3, . . . , n}. 
We replace x p in xi by (15. 1|) and use (PI) repeatedly whenever x\ appears 
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for k ^ 2. Then each term in the final expression contains a factor x\, which 
is zero. 

Now we prove the second statement of the lemma. By the assumption, 
the elements Xi satisfy a non-trivial linear relation. Let Xj be the maximal 
element appearing in this relation. We can eliminate Xj in S' using this 
linear relation and (PI). Then (PI) holds for x^s with i ^ j. Therefore, 
S' n _ 1 is generated by Yl^jXi- This element is non-zero because S' n _ 1 ^ 0. 
This proves that S' is a iJQ-algebra of rank n — 1. □ 

Theorem 5.5. Let M be a quasitoric manifold with the quotient polytope P. 
Then H 2 *(M;7*/2) is a BQ-algebra of rank n if and only if P is an n-cube. 

Proof. Assume that P is an n-cube. Since every principal minor of A* is 1 
modulo 2, we deduce that A* is conjugate to a unipotent upper triangular 
matrix by the same argument as in the proof of Lemma 13.31 (Matrix (|3.7|) 
in which all b{ are non-zero modulo 2 for 1 ^ i ^ n cannot occur because 
its determinant is zero modulo 2.) Then it follows from from (|3.4|) that 
H 2 *(M;Z/2) is a 5Q-algebra of rank n. 

Now assume that H 2 *(M;Z/2) is a EQ-algebra. Let b r (M) denote the 
r-th Betti number of M, and let f s (P) denote the number of faces of P of 
codimension s + 1. Then 

h(M) = f (P) - n, b 4 (M) = h(P) - (n - 1)/ (P) + 

(see [TJ Th. 3.1]), and we obtain from Lemma IBTBI that 

(5.2) fo(P) = 2n, h{P)=2n(n-l). 

For every characteristic submanifold M« the restriction map 
H*{M;Z/2) -» H*(Mi;Z/2) is surjective [El Lemma 2.3]. It follows 
from Lemmas 15.31 and 15.41 that 62(^1) ^ 62 (M) — 1 = n — 1. Therefore, 

(5.3) / (Fi) = (n - 1) + b 2 (M l ) > 2(n - 1), 
where F{ denotes the facet corresponding to Mj, and 

2n 
8=1 

Comparing this with (|5.2p we obtain that the equality holds in (|5.3p for every 
i, that is, b 2 {Mi) = n - 1. This implies that the kernel of H 2 (M;Z/2) -> 
H 2 (Mi]Ij/2) is one-dimensional, so H 2 *(Mi;Z/2) is a 5<5-algebra of rank 
n — 1 by Lemma EU This enables us to use induction on n. 

When n = 2, equations (|5.2|) imply that P is combinatorially a square. 
Suppose that the theorem holds for n—1 with n ^ 3. Since H 2 *(Mi) is a P<5- 
algebra of rank n — 1, every facet of P is an (n — l)-cube; in particular, every 
2-face of P is a square. Then P is an n-cube by virtue of Lemma l4~6l □ 

Lemma 5.6. Let M be a quasitoric manifold over an n-cube. If H*(M; Q) = 
H*((CP 1 ) n ; Q) as rings, £/ien M is equivalent to a Bott tower. 

Proof. By the assumption, there are elements yi,---,y n hi H 2 (M;Q) gen- 
erating H*(M;Q) and satisfying yf = for 1 ^ i ^ n. Let Mj C M be 
a characteristic submanifold, and denote the restriction of to H 2 (Mi;Q) 
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by f/fe. Then yi, . . . , y n generate H*{Mi \ Q) as a ring because H*(M; Q) — > 
H*(Mf,Q) is surjective. Since b 2 {Mi) = n — 1, there is a non-trivial linear 
relation for the elements y^. Using this linear relation, we can eliminate one 
generator, say y n , and get a surjective map Q[y x , . . . , , . . . ,y£_i) -> 

H*(Mi;Q). Since the dimensions of components of degree 2g in both rings 
equal ( n ~ 1 ), the surjective map is an isomorphism. Therefore, iP(Mj;Q) = 
H*((CP ) n ; Q), so we may use an induction argument and assume that 
every M, is a Bott tower. 

Let A* be the reduced submatrix of M, It follows from Lemma f3T3l that 
— A* is conjugate to a unipotent upper triangular matrix or to matrix (13.71) 
with non-zero entries hi for 1 ^ i ^ n. It suffices to exclude the latter. 
Suppose that — A* is given by (|3.7j) . Then det(— A*.) = —1, that is, 

n 

(5.4) n^=(- 1 )" 2 - 

8=1 

Using (|3.4|) . we obtain 

H*(M) = Z[x%, . . . ,x n }/ (xi(x 1 + hx 2 ),x 2 (x 2 + b 2 x 3 ), . . .,x n (b n xi + x n )), 

where we set X{ = Vi +n for 1 ^ i ^ n. By the assumption, there is a non-zero 
element x G H 2 (M,Q) whose square is zero. Write x = Y^!i=i a i x i f° r some 
ctj € Q, then 

= aiX^j = a "i x l + 2 a i a j X i X j 

i=l i=l i<j 

= -a\b\xix 2 - a 2 b 2 x 2 xz — ... - 

which implies that 

(5.5) a\b\ = 2aia 2 , a 2 b 2 = 2a 2 as, . . . , a^b n = 2a n a\. 

Suppose a,i 7^ for every i. Multiplying the identities above, we obtain 
ni=i hi = 2 n , which contradicts (|5.4|) . Therefore Oj = for some i, but 
this together with (|5.5|) implies that a, = for every i. This contradicts 
the assumption that x = Ya=i a i x i ^ 0- Therefore, (|3.7p cannot occur as a 
reduced characteristic matrix, and M is a Bott tower. □ 

We are now ready to prove our final promised result. 

Theorem 5.7. A quasitoric manifold M is homeomorphic to (CP 1 )™ if and 
only ifH*(M) =i ^((CP 1 )") as rings. 

Proof. Since H*((CP 1 ) n ;7j/2) is a .BQ-algebra of rank n, the quotient poly- 
tope of M is an n-cube by Theorem 15.51 Then M is a Bott tower by 
Lemma [5.61 Finally, M is homeomorphic to (CP 1 )™ by Theorem 15.11 □ 

We finish by proposing the following quasitoric analogue of Problem 12.31 

Problem 5.8. Does an isomorphism of rings H*{M\) = H*(M 2 ) imply a 
homeomorphism of quasitoric manifolds Mi and M 2 ? 



^nbnXnX\ ~\~ 2 ^ ^ GiidijXiXji 
i<j 
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